Revision vs. Update: Taking a Closer Look

P. Peppas 1 and A. Nayak 2 and M. Pagnucco 2 and N. Y. Foo 2 and R. Kwok 2 and M. Prokopenko 3

Abstract. Belief revision and belief update are two of the most important types of belief change. Although similar in some ways, these two processes are believed to be fundamentally different. In this paper we take a closer look at belief revision (as formalized by AlchourrØon, G�ardenfors and Makinson [1]) and belief update (as modelled by Katsuno and Mendelzon [4]). The results we obtain herein show that the two processes differ, not so much in the way they change a ffxed belief state K but rather on how changes at different theories are related to each other▷

1 Introduction Two of the most fundamental types of belief changeare belief revision and belief update ↼or revision and update for short↽▷ Belief revision is the process by which a rational agent changes her beliefs about a static world in the light of new information▷ Much of the research in the αeld is based on the work of Alchourrχon G�ardenfors and Makinson ♭1♯ who have developed a framework which we call the AGM paradigm for studying this process▷ In the AGM paradigm belief revision is modelled as a function ⇀ over logical theories called a revisionfunction which satisαesa set of rationality postulates ↼known as the AGM postulates↽▷ Belief update on the other hand is the process by which an agent keeps her beliefs up to date with an evolving world▷ The difference between revision and update although αrst recognized by Keller and Winslett in ♭5♯ was explored and formally captured by Katsuno and Mendelzon in ♭4♯▷ They proposed a set of postulates for belief update which although similar in some respects are in fact quite distinct from the AGM postulates for belief revision▷ In this article we take a closer look at the difference between revision and update▷ More precisely we compare the two processes in terms of their construction from preorders on possible worlds ♭3 4♯ and we show that essentially the results of revision can be duplicated using the construction for update▷ Based on this observation we prove that for a αxed theory K revising K is much the same as updating K▷ This was evident for the limiting case where K is a consistent com plete theory, herein however we show that it holds for any consistent theory K▷ In interpreting this result we argue that the essential dif ference between revision and update is not in the way they change a αxed theory K but rather in the way changes at different theories 1 Knowledge Systems Group, Department of Computing, School of Mathe-

matics, Physics, Computing and Electronics, Macquarie University, NSW 2109, Australia.

Email: pavlos@mpce.mq.edu.au.

2 Knowledge Systems Group, Basser Department of Computer Science, Mad-

sen Building, F09, Sydney University, NSW 2006, Australia. Email: {⊣⌊⟨⊣†⊣⇔ ⇕≀∇∇⟩⇔ \≀∇⇕⊣\⇔ ∇‖⊒≀‖}ℵ‖⊣∇↕↙⌋∫↙∫⊓↙≀‡↙⊣⊓↙ 3 CSIRO Division of Information Technology, Locked Bag 17, North Ryde,

NSW 2113, Australia.

Email: mikhail@syd.dit.csiro.au.

relate to each other. In other words, when one focuses on one-step

transitions between theories, revision and update are almost indistin-

guishable; it is only when one considers entire sequences of theory

transitions, that successive revisions are clearly distinguishable from

successive updates. This in turn, we argue, is due to an even more

fundamental difference between the two processes, namely the dif-

ferent interpretation that the two processes ascribe to the concept of

similarity between possible worlds.

This article is structured as follows. In the following section we

introduce some notation. In section 3 we briefiy review the basic

deffnitions and results for revision and update. In section 4 we prove

a representation result which essentially shows that the constructive

model for update can also be used for revision. In section 5 we

interpret this result and discuss the difference between revision and

update. Finally in section 7 we make some concluding remarks.

2 Preliminaries

Throughout this article we shall be working with a formal language L⇔ }≀⊑⌉∇\⌉⌈ ⌊† ⊣ ↕≀}⟩⌋ ⊒⟨⟩⌋⟨ ⊒⌉ ⟩⌈⌉\⊔⟩{† ⊒⟩⊔⟨ ⟩⊔∫ ⌋≀\∫⌉∐⊓⌉\⌋⌉ ∇⌉↕⊣⊔⟩≀\ ⊢↙ W⌉ ∫⟨⊣↕↕ ↕⌉⊣⊑⌉ ⊔⟨⌉ ⌈⌉⊔⊣⟩↕∫ ≀{ L ⊣\⌈ ⊢ ≀√⌉\⇔ ⊣∫∫⊓⇕⟩\} ≀\↕† ⌋⌉∇⊔⊣⟩\ ∫⊔∇⊓⌋⊔⊓∇⊣↕ √∇≀√⌉∇⊔⟩⌉∫↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ {≀∇ L⇔ ⊒⌉ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⟩⊔ ⟩∫ ⌋↕≀∫⌉⌈ ⊓\⌈⌉∇ ⊣↕↕ ⌊≀≀↕⌉⊣\ ⌋≀\\⌉⌋⊔⟩⊑⌉∫⇔ ⊣\⌈ {≀∇ ⊢ ⊔⟨⊣⊔ ⟩⊔ ∫⊣⊔⟩∫⊘⌉∫ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⌋≀\⌈⟩⊔⟩≀\∫ ⇐∫⌉⌉ ∪∈⊎⇒¬ ⇐⟩⇒ ⊢ φ for all truthfunctional tautologies φ ↼ii↽ If ⊢ (φ → ψ) and ⊢ φ then ⊢ ψ ↼iii↽ ⊢ ⟩∫ ⌋≀\∫⟩∫⊔⌉\⊔⇔ ⟩↙⌉↙ ⊬ L⇔ ⇐⟩⊑⇒ ⊢ ∫⊣⊔⟩∫⊘⌉∫ ⊔⟨⌉ ⌈⌉⌈⊓⌋⊔⟩≀\ ⊔⟨⌉≀∇⌉⇕⇔ ⊣\⌈ ⇐⊑⇒ ⊢ ⟩∫ ⌋≀⇕√⊣⌋⊔↙ F≀∇ ⊣ ∫⌉⊔ ≀{ ∫⌉\⊔⌉\⌋⌉∫ Γ of L⇔ ⊒⌉ ⌈⌉\≀⊔⌉ ⌊† Cn(Γ) the set of all logical consequences of Γ, i.e. Cn(Γ) = {φ ∈ L¬ Γ ⊢ φ}↙ A ⊔⟨⌉≀∇† K of L ⟩∫ ⊣\† ∫⌉⊔ ≀{ ∫⌉\⊔⌉\⌋⌉∫ ≀{ L ⌋↕≀∫⌉⌈ ⊓\⌈⌉∇ ⊢⇔ ⟩↙⌉↙ K = Cn(K). We shall denote the set of all theories of L ⌊† TL↙ A ⊔⟨⌉≀∇† K of L ⟩∫ ⌋≀⇕√↕⌉⊔⌉ ⟩{{ {≀∇ ⊣↕↕ ∫⌉\⊔⌉\⌋⌉∫ φ ∈ L⇔ φ ∈ K or ¬φ ∈ K▷ We shall denote the set of all consistent complete theories of L ⌊† M_L↙ I\ ⊔⟨⌉ ⌋≀\⊔⌉§⊔ ≀{ ∫†∫⊔⌉⇕∫ ≀{ ∫√⟨⌉∇⌉∫⇔ ⌋≀\∫⟩∫⊔⌉\⊔ ⌋≀⇕√↕⌉⊔⌉ ⊔⟨⌉≀∇⟩⌉∫ ⌉∫∫⌉\⊔⟩⊣↕↕† √↕⊣† ⊔⟨⌉ ∇≀↕⌉ ≀{ √≀∫∫⟩⌊↕⌉ ⊒≀∇↕⌈∫↙ F≀↕↕≀⊒⟩\} ⊔⟨⟩∫ ⌋≀\⊑⌉\⊔⟩≀\⇔ {∇≀⇕ \≀⊒ ≀\ ⊒⌉ ∫⟨⊣↕↕ ⊓∫⌉ ⊔⟨⌉ ⊔⌉∇⇕ ⊖√≀∫∫⟩⌊↕⌉ ⊒≀∇↕⌈⪰ ⇐≀∇ ∫⟩⇕√↕† ⊖⊒≀∇↕⌈⪰⇒ ⊔≀ ∇⌉{⌉∇ ⊔≀ ⊣\ ⌉↕⌉⇕⌉\⊔ ≀{ M L↙ F≀∇ ⊣ ∫⌉⊔ ≀{ ∫⌉\⊔⌉\⌋⌉∫ Γ of L⇔ [Γ] denotes the set of all consistent complete theories of L ⊔⟨⊣⊔ ⌋≀\⊔⊣⟩\ Γ. Often we shall use the notation [φ] for a sentence φ ∈ L⇔ ⊣∫ ⊣\ ⊣⌊⌊∇⌉⊑⟩⊣⊔⟩≀\ ≀{ [{φ}]. For a theory K and a set of sentences Γ of L ⊒⌉ ∫⟨⊣↕↕ ⌈⌉\≀⊔⌉ ⌊† K + Γ the closure under ⊢ ≀{ K ∪ Γ, i.e. K + Γ = Cn(K ∪ Γ). For a sentence φ ∈ L ⊒⌉ ∫⟨⊣↕↕ ≀{⊔⌉\ ⊒∇⟩⊔⌉ K + φ as an abbreviation for K + {φ}↙

∋ B⌉↕⟩⌉{ R⌉⊑⟩∫⟩≀\ ⊣\⌈ U√⌈⊣⊔⌉ W⟩⊔⟨⟩\ ⊔⟨⌉ AGM √⊣∇⊣⌈⟩}⇕ ⌊⌉↕⟩⌉{ ∫⊔⊣⊔⌉∫ ⊣∇⌉ ∇⌉√∇⌉∫⌉\⊔⌉⌈ ⊣∫ ⊔⟨⌉≀∇⟩⌉∫ ≀{ L ⊣\⌈ ⌋⟨⊣\}⌉∫ ≀{ ⌊⌉↕⟩⌉{∫ ⊣∇⌉ ⇕≀⌈⌉↕↕⌉⌈ ⊣∫ {⊓\⌋⊔⟩≀\∫ ≀⊑⌉∇ ⊔⟨⌉≀∇⟩⌉∫↙ A ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\ ⇑ ⟩∫ ⊣ {⊓\⌋⊔⟩≀\ {∇≀⇕ TL × L ⊔≀ TL⇔ ⇕⊣√√⟩\} ⌋◯ ∞∃∃ ̸P↙ P⌉√√⊣∫ ⌉⊔ ⊣↕↙ ECAI ∃↙̸ ∞∈⊔⟨ E⊓∇≀√⌉⊣\ C≀\{⌉∇⌉\⌋⌉ ≀\ A∇⊔⟩⊘⌋⟩⊣↕ I\⊔⌉↕↕⟩}⌉\⌋⌉ E⌈⟩⊔⌉⌈ ⌊† W↙ W⊣⟨↕∫⊔⌉∇ P⊓⌊↕⟩∫⟨⌉⌈ ⟩\ ∞∃∃ ̸⌊† J≀⟨\ W⟩↕⌉† ↘ S≀\∫⇔ L⊔⌈↙

⟨K, φ⟩ ⊔≀ K ∗ φ that satisαes the AGM postulates listed below ♭2♯▷

↼K⇀1↽ K ∗ φ is a theory of L↙ ⇐K⇑∈⇒ φ ∈ K ∗ φ▷ ↼K⇀3↽ K ∗ φ ⊆ K + φ▷ ↼K⇀4↽ If ¬φ ∉ K then K + φ ⊆ K ∗ φ▷ ↼K⇀5↽ K ∗ φ = L ⟩{{ ⊢ ¬φ▷ ↼K⇀6↽ If ⊢ φ ↔ ψ then K ∗ φ = K ∗ ψ▷ ↼K⇀7↽ K ∗ (φ ∧ ψ) ⊆ (K ∗ φ) + ψ▷ ↼K⇀8↽ If ¬ψ ∉ K ∗ φ then (K ∗ φ) + ψ ⊆ K ∗ (φ ∧ ψ). Apart from this axiomatic approach to belief revision, a constructive model has also been proposed by Grove [3], based on systems of spheres. For a subset Υ of M_L⇔ ⊣ ∫†∫⊔⌉⇕ ≀{ ∫√⟨⌉∇⌉∫ S centered on Υ is a class of subsets of M_L ∫⊣⊔⟩∫{†⟩\} ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⌋≀\⌈⟩⊔⟩≀\∫¬ ⇐S∞⇒ S is totally ordered with respect to set inclusion▷ ↼S2↽ Υ is smallest sphere in S▷ ↼S3↽ M_L ∈ S▷ ↼S4↽ For every consistent φ ∈ L⇔ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ∫⇕⊣↕↕⌉∫⊔ ∫√⟨⌉∇⌉ ⟩\ S intersecting [φ]. This modelling is a slight modiffcation of Lewis’ [6] modelling for counterfactual conditionals. The main difference between the two proposals is that Grove’s systems of spheres are centered on a set of possible worlds (i.e., Υ which we shall identify with [K]) whereas Lewis’ spheres are centered on a single possible world.^4 For a system of spheres S and a consistent sentence φ ∈ L⇔ ⊒⌉ ∫⟨⊣↕↕ ⌈⌉\≀⊔⌉ ⌊† CS (φ) the smallest sphere in S intersecting [φ]. When φ is inconsistent we take CS(φ) to be M_L↙ W⌉ ⊣∫∫≀⌋⟩⊣⊔⌉ ⊒⟩⊔⟨ ⊣\† ∫†∫⊔⌉⇕ ≀{ ∫√⟨⌉∇⌉∫ S a function f S : L → 2ML ⌈⌉⊘\⌉⌈ ⊣∫ {≀↕↕≀⊒∫¬ {≀∇ ⌉⊑⌉∇† φ ∈ L⇔ f S(φ) = [φ] ∩ CS (φ). Given a theory K of L⇔ ⊣\⌈ ⊣ ∫†∫⊔⌉⇕ ≀{ ∫√⟨⌉∇⌉∫ S centred on [K], Grove deffnes the revision of K with respect to a sentence φ ∈ L ⊣∫ {≀↕↕≀⊒∫¬

⇐S⇑⇒ K ∗ φ = { ⋂ f S(φ) if [φ] ≠ �

L otherwise

Intuitively a system of spheres centered on [K] is an ordering of relative similarity over possible worlds (i.e. consistent complete the- ories). The closer a world r is to the center of the system the more similar it is to the worlds in [K]. Based on this reading, condition (S*) deffnes the revision of K by a sentence φ as the theory determined by the φworlds that are most similar to the worlds in [K] (i.e. the members of fS (φ)). Grove’s representation result [3] shows that the functions constructed from systems of spheres by means of (S*), are precisely those satisfying the AGM postulates.

Let us now turn to belief update as modelled by Katsuno and Mendelzon in [4]. In their formalism, a belief state is represented as a sentence of some propositional language and belief update is modelled as a function over sentences, called an update operator, satisfying a set of postulates numbered (U1) - (U8). Katsuno and Menedelzon also propose a constructive model for belief update based on partial preorders on possible worlds (interpretations, to be more precise) and they prove that the functions induced by these preorders are precisely

4 As we shall see, the sphere modelling for belief update is closer in spirit to

Lewis’ original proposal.

those satisfying the axioms (U1) - (U8). An additional postulate (U9)

is also considered in [4], which essentially imposes connectivity at

the associated preorders on possible worlds; i.e. the update operators

satisfying the axioms (U1) - (U9) are precisely those induced by total

preorders on interpretations. For the sake of comparison with belief

revision, we shall reproduce Katsuno and Mendelzon’s account for

belief update, using theories to represent belief states, and moreover

we shall conffne ourselves to update operators that are induced by

total preorders on possible worlds. An update operator ⋄ ⟩∫ ⊔⟨⌉∇⌉{≀∇⌉ ⌈⌉⊘\⌉⌈ ⊣∫ ⊣ {⊓\⌋⊔⟩≀\ {∇≀⇕ TL × L ⊔≀ TL⇔ ⇕⊣√√⟩\} ⟨K, φ⟩ ⊔≀ K⋄φ that satisαes the axioms ↼K⋄∞⇒ ↖ ⇐K⋄∀⇒ ↕⟩∫⊔⌉⌈ ⌊⌉↕≀⊒¬ ⇐K⋄∞⇒ K⋄φ is a theory▷ ↼K⋄∈⇒ φ ∈ K⋄φ▷ ↼K⋄∋⇒ I{ φ ∈ K then K⋄φ = K▷ ↼K⋄△⇒ K⋄φ = L ⟩{{ K or φ is inconsistent▷ ↼K⋄▽⇒ I{ ⊢ φ ↔ ψ then K⋄φ = K⋄ψ▷ ↼K⋄⇏ K⋄(φ ∧ ψ) ⊆ (K⋄φ) + ψ▷ ↼K⋄⇒ I{ K is complete and ¬ψ ∉ K⋄φ then (K⋄φ) + ψ ⊆ K⋄(φ ∧ ψ). (K⋄∀⇒ I{ [K] ≠ � then K⋄φ = ⋂ w∈[K] w⋄φ▷ It is not hard to verify that for any update operator ⋄⇔ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ {⊓\⌋⊔⟩≀\ ⊕ : L × L → L ∫⊓⌋⟨ ⊔⟨⊣⊔ Cn(φ⊕ψ) = Cn(φ)⋄ψ satis fying postulates ↼U1↽ ↼U9↽ proposed by Katsuno and Mendelzon▷ Conversely for any function ⊕ ∫⊣⊔⟩∫{†⟩\} ⊔⟨⌉ √≀∫⊔⊓↕⊣⊔⌉∫ ⇐U∞⇒ ↖ ⇐U∃⇒⇔ ⊔⟨⌉∇⌉ ⟩∫ ⊣\ ⊓√⌈⊣⊔⌉ ≀√⌉∇⊣⊔≀∇ ⋄ ∫⊓⌋⟨ ⊔⟨⊣⊔ Cn(φ⊕ψ) = Cn(φ)⋄ψ▷ Therefore the axioms ↼K⋄∞⇒ ↖ ⇐K⋄∀⇒ ⊣∇⌉ ⟩\⌈⌉⌉⌈ ⊔⟨⌉ ⌋≀⊓\⊔⌉∇√⊣∇⊔∫ ≀{ ⇐U∞⇒ ↖ ⇐U∃⇒ ⊒⟨⌉\ ∫⌉\⊔⌉\⌋⌉∫ ⊣∇⌉ ∇⌉√↕⊣⌋⌉⌈ ⌊† ⊔⟨⌉≀∇⟩⌉∫ ⟩\ ⊔⟨⌉ ∇⌉√∇⌉↖ ∫⌉\⊔⊣⊔⟩≀\ ≀{ ⌊⌉↕⟩⌉{ ∫⊔⊣⊔⌉∫ ⇐∫⌉⌉ P⌉√√⊣∫ ∪⊎ {≀∇ ⌈⌉⊔⊣⟩↕∫⇒↙ R⌉√∇≀⌈⊓⌋⟩\} ⊔⟨⌉\ K⊣⊔∫⊓\≀ ⊣\⌈ M⌉\⌈⌉↕‡≀\≃∫ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ∇⌉∫⊓↕⊔ ⟩\ ⊔⟨⌉ √∇⌉∫⌉\⊔ ⌋≀\⊔⌉§⊔⇔ ⊒⌉ ⟨⊣⊑⌉ ⊔⟨⊣⊔ ⊔⟨⌉ {⊓\⌋⊔⟩≀\∫ ⋄ ∫⊣⊔⟩∫{†⟩\} ⇐K⋄∞⇒ ↖ ⇐K⋄∀⇒ ⊣∇⌉ √∇⌉⌋⟩∫⌉↕† ⊔⟨≀∫⌉ ⌋≀\∫⊔∇⊓⌋⊔⌉⌈ ⟩\ ⊔⌉∇⇕∫ ≀{ ⊔≀⊔⊣↕ √∇⌉≀∇⌈⌉∇∫ ≀\ √≀∫∫⟩⌊↕⌉ ⊒≀∇↕⌈∫↙ A}⊣⟩\ {≀∇ ⊔⟨⌉ ∫⊣‖⌉ ≀{ ⌋≀⇕√⊣∇⟩∫≀\ ⊒⟩⊔⟨ ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\∫⇔ ⊒⌉ ∫⟨⊣↕↕ √∇⌉∫⌉\⊔ ⊔⟨⟩∫ ∇⌉∫⊓↕⊔ ⊓∫⟩\} ∫†∫⊔⌉⇕∫ ≀{ ∫√⟨⌉∇⌉∫ ⟩\∫⊔⌉⊣⌈ ≀{ ⊔≀⊔⊣↕ √∇⌉≀∇⌈⌉∇∫ ⇐⊔⟨⌉ ⊔⊒≀ ∫⊔∇⊓⌋⊔⊓∇⌉∫ ⊣∇⌉ ⌉∫∫⌉\⊔⟩⊣↕↕† ⌉∐⊓⟩⊑⊣↕⌉\⊔⇒↙ W⌉ ⌈⌉⊘\⌉ ⊣ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉ ⊔≀ ⌊⌉ ⊣ {⊓\⌋⊔⟩≀\ S that assigns to every consistent complete theory w ∈ M_L ⊣ ∫†∫⊔⌉⇕ ≀{ ∫√⟨⌉∇⌉∫ S w centered on {w}↙ A ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉ ⟩∫ ∫⟩⇕√↕† ⊔⟨⌉ ∇⌉√∇≀⌈⊓⌋⊔⟩≀\ ⟩\ ⊔⌉∇⇕∫ ≀{ ∫†∫⊔⌉⇕∫ ≀{ ∫√⟨⌉∇⌉∫⇔ ≀{ K⊣⊔∫⊓\≀ ⊣\⌈ M⌉\⌈⌉↕‡≀\≃∫ {⊣⟩⊔⟨{⊓↕ ⊣∫∫⟩}\⇕⌉\⊔ ∪△⊎↙ G⟩⊑⌉\ ⊣ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉ S, the update of a theory K by a sentence φ can be deαned constructively as follows.

↼S⋄⇒ K⋄φ = ⋂ (⋃ w∈[K] fSw (φ) ) , if [φ], [K] ≠ �

L otherwise

By rephrasing Katsuno and Mendelzon’s representation result in terms of the above notation we derive that the functions ⋄ ⌋≀\↖ ∫⊔∇⊓⌋⊔⌉⌈ {∇≀⇕ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉∫ ⌊† ⇕⌉⊣\∫ ≀{ ⇐S⋄⇒ ⊣∇⌉ √∇⌉⌋⟩∫⌉↕† ⊔⟨≀∫⌉ ∫⊣⊔⟩∫{†⟩\} ⊔⟨⌉ √≀∫⊔⊓↕⊣⊔⌉∫ ⇐K⋄∞⇒ ↖ ⇐K⋄∀⇒↙ △ R⌉⌋≀\∫⊔∇⊓⌋⊔⟩\} R⌉⊑⟩∫⟩≀\ F⊓\⌋⊔⟩≀\∫ {∇≀⇕ S⟩⇕⟩↕⊣∇⟩⊔† S⊔∇⊓⌋⊔⊓∇⌉∫ I\ ⌋≀⇕√⊣∇⟩\} ⊣ ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\ ⇑ ⊒⟩⊔⟨ ⊓√⌈⊣⊔⌉ ≀√⌉∇⊣⊔≀∇∫ ⋄⇔ ⊔⟨⌉ ⊘∇∫⊔ ⊣√√⊣∇⌉\⊔ ⌈⟩{{⌉∇⌉\⌋⌉ ⟩∫ ⟩\ ⊔⟨⌉ ⊒⊣† ⊔⟨⌉† ⌋⟨⊣\}⌉ ⊔⟨⌉ ⟩\⌋≀\∫⟩∫⊔⌉\⊔ ⊔⟨⌉≀∇† Θ. The former produces a consistent theory Θ ∗ φ whenever φ is consistent while for the later Θ⋄φ = Θ, regardless of the sentence φ▷ However the inconsistent theory is a rather limiting case▷ We Belief Revision and Nonmonotonic Reasoning 96 P▷ Peppas et al▷ shall therefore focus on the difference between revision functions and update operators when applied to consistent theories▷ Let K be a consistent theory of L⇔ ⇑ ⊣ ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\ ⊣\⌈ ⋄ ⊣\ ⊓√⌈⊣⊔⌉ ≀√⌉∇⊣⊔≀∇↙ T⟨⌉ ⇐⊔⌉⌋⟨\⟩⌋⊣↕⇒ ⌈⟩{{⌉∇⌉\⌋⌉ ⌊⌉⊔⊒⌉⌉\ ⋄ ⊣\⌈ ⇑ ⟩∫ √⌉∇⟨⊣√∫ ⌊⌉∫⊔ ⊓\⌈⌉∇∫⊔≀≀⌈ ⟩\ ⊔⌉∇⇕∫ ≀{ ⊔⟨⌉⟩∇ ⌋≀\∫⊔∇⊓⌋⊔⟩⊑⌉ ⇕≀⌈⌉↕∫↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⊔⟨⌉ ⌊⌉⟨⊣⊑⟩≀⊓∇ ≀{ ⇑ ⊣⊔ K is determined by a single system of spheres S centred on [K] (which in principle has more than one element), while that of ⋄ ⟩∫ ⇐⌉∫∫⌉\⊔⟩⊣↕↕†⇒ ⌈⌉⊔⌉∇⇕⟩\⌉⌈ ⌊† ⊣ {⊣⇕⟩↕† {Sw}w_∈[K] of systems of spheres, one for each world w in [K], such that the system of spheres Sw associated to w is centered on {w} ⇐∫⌉⌉ ⊘}⊓∇⌉ ∞⇒↙

F⟩}⊓∇⌉ ∞↙ C≀\∫⊔∇⊓⌋⊔⟩⊑⌉ M≀⌈⌉↕∫ {≀∇ R⌉⊑⟩∫⟩≀\ ⊣\⌈ U√⌈⊣⊔⌉ ⊒⟩⊔⟨ [K] = {w_1, w_2, w_3}

T⟨⌉∇⌉ ⊣∇⌉ ⊔⟨⌉∇⌉{≀∇⌉ ⊔⊒≀ ⇕⊣|≀∇ ⌈⟩{{⌉∇⌉\⌋⌉∫ ⟩\ ⊔⟨⌉ ⌋≀\∫⊔∇⊓⌋⊔⟩⊑⌉ ⇕≀⌈⌉↕∫ {≀∇ ⇑ ⊣\⌈ ⋄ ⇐⊣⊔ K↽. αrstly there is only one system of spheres associ ated with ⇀ while there is a whole family of systems of spheres asso ciated with ⋄ ⇐≀\⌉ {≀∇ ⌉⊣⌋⟨ ⊒≀∇↕⌈ ⟩\ [K]), and secondly, the centers of all systems of spheres associated with ⋄ ⊣∇⌉ ∫⟩\}↕⌉⊔≀\∫⇔ ⊒⟨⟩↕⌉ ⊔⟨⌉ ⌋⌉\⊔⌉∇ ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕ ≀{ ∫√⟨⌉∇⌉∫ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ ⇑ ⌋≀\⊔⊣⟩\∫ ⟩\ }⌉\⌉∇⊣↕ ⇕≀∇⌉ ⊔⟨⊣\ ≀\⌉ ⊒≀∇↕⌈↙ T⟨⌉∫⌉ ⊔⊒≀ ⌈⟩{{⌉∇⌉\⌋⌉∫ ∘ ≀\⌉ ⊑∫↙ ⇕⊣\† ∫†∫⊔⌉⇕∫ ≀{ ∫√⟨⌉∇⌉∫⇔ ⊣\⌈ ⌋∇≀⊒⌈⌉⌈ ⊑∫↙ ∫⟩\}↕⌉⊔≀\ ⌋⌉\⊔⌉∇∫ ∘ ⟨⊣⊑⌉ ⊒⟩⌈⌉↕† ⌊⌉⌉\ ⌋≀\∫⟩⌈⌉∇⌉⌈ ⊒⟨⊣⊔ {⊓\⌈⊣⇕⌉\⊔⊣↕↕† ⌈⟩∫⊔⟩\}⊓⟩∫⟨⌉∫ ⇐{∇≀⇕ ⊣ ⊔⌉⌋⟨\⟩⌋⊣↕ √≀⟩\⊔ ≀{ ⊑⟩⌉⊒⇒ ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\∫ {∇≀⇕ ⊓√⌈⊣⊔⌉ ≀√⌉∇⊣⊔≀∇∫↙^5 Notice however that the way in which * and ⋄ ⊓∫⌉ ∫†∫⊔⌉⇕∫ ≀{ ∫√⟨⌉∇⌉∫ ⟩∫ ∐⊓⟩⊔⌉ ∫⟩⇕⟩↕⊣∇↙ M≀∇⌉ √∇⌉⌋⟩∫⌉↕†⇔ ⊔≀ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊔⟨⌉ ∇⌉∫⊓↕⊔ ≀{ ∇⌉⊑⟩∫⟩\} K by a consistent sentence φ ⇀ collects the closest φworlds to the center of S ↼i▷e▷ the members of fS(φ)) and deffnes K ∗ φ as the theory corresponding to these worlds ↼i▷e▷ ∩fS(φ)). The update operator ⋄ ⌈≀⌉∫ ⇕⊓⌋⟨ ⊔⟨⌉ ∫⊣⇕⌉ ⟩\ ⌈⌉⊔⌉∇⇕⟩\⟩\} K⋄φ only that it collects the closest φworlds to the center of not just one system of spheres but of all systems of spheres in {Sw}w_∈[K] (i.e. the worlds in ∪w_∈[K]fSw (φ)). From this it should be clear why revision and update collapse to the same process when the theory K is complete ↼and therefore [K] has only one member). If however [K] contains more than one member, the above two differences in the constructive models for * and ⋄ ⊣√√⌉⊣∇ ⊔≀ ∫⊓}}⌉∫⊔ ⊔⟨⊣⊔ ∇⌉⊑⟩∫⟩≀\ ⊣\⌈ ⊓√⌈⊣⊔⌉ ⊣∇⌉ {⊓\⌈⊣⇕⌉\⊔⊣↕↕† ⌈⟩{{⌉∇⌉\⊔ ⇐⌉⊑⌉\ 5 Leaving aside of course the fact that in general update operators, as originally

introduced by Katsuno and Mendelzon, induce partial preorders on possible worlds, which is also a major divergencefrom revision functions. As already discussed however, in this paper we focus only on the update operators that induce total preorders.

from a technical point of view). We show that (at least when K is held αxed↽ this is in fact a fallacy, the revision function ⇀ can be con structed from a family of systems of spheres centered on singletons in exactly the same way that ⋄ ⟩∫ ⌋≀\∫⊔∇⊓⌋⊔⌉⌈↙ L⌉⊔ S be a similarity structure. We shall say that S is loyal to a theory K of L ⟩{{ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⊔⊒≀ ⌋≀\⌈⟩⊔⟩≀\∫ ⊣∇⌉ ∫⊣⊔⟩∫⊘⌉⌈¬ ⇐SL∞⇒ F≀∇ ⊣↕↕ w ∈ [K], [K] ∈ Sw▷ ↼SL2↽ For any two w, w^′ ∈ [K], Sw − 2[K] = Sw′ − 2[K]. Condition (SL1) says that [K] is a sphere of Sw for all w ∈ [K]. Condition (SL2) says that for any w, w^′ ∈ [K], the two systems of spheres Sw and Sw′ ⟨⊣⊑⌉ ⊔⟨⌉ ∫⊣⇕⌉ ∫⊔∇⊓⌋⊔⊓∇⌉ ≀⊓⊔∫⟩⌈⌉ [K], i.e. the only spheres that may be different in Sw and Sw′ ⊣∇⌉ ⊔⟨⌉ ≀\⌉∫ ∫⇕⊣↕↕⌉∇ ⊔⟨⊣\ [K] ffi any set larger than [K] either appears as a sphere in both

systems or in none of the two. We will show that for any φ ∈ L ⊣\⌈ ⊣\† ⌋≀\∫⟩∫⊔⌉\⊔ K ∈ TL⇔ K ∗ φ can be constructed from a similarity structure S that is loyal to K in precisely the same way that the update of K by φ is constructed, that is in terms of the following condition.

↼SL⇀↽ K∗φ = ⋂ (⋃ w∈[K] fSw (φ) ) , if [φ], [K] ≠ �

L otherwise Theorem 1 Let K be a consistent theory of L↙ F≀∇ ⌉⊑⌉∇† ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\ ⇑ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉ S that is loyal to K such that ↼SL⇀↽ is satisαed for all φ ∈ L↙ C≀\⊑⌉∇∫⌉↕†⇔ {≀∇ ⊣\† ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉ S that is loyal to K there exists a revision function ⇀ that satisαes ↼SL⇀↽ for all φ ∈ L↙ P∇≀≀{↙ ⇐ ⇒ ⇒ L⌉⊔ ⇑ ⌊⌉ ⊣ ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\ ⊣\⌈ ↕⌉⊔ S^# be a system of spheres centered on [K] that satisffes (S*) for all φ ∈ L ⇐⌊† G∇≀⊑⌉≃∫ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ∇⌉∫⊓↕⊔ ∫⊓⌋⟨ ⊣ ∫†∫⊔⌉⇕ ⟩\⌈⌉⌉⌈ ⌉§⟩∫⊔∫⇒↙ W⌉ ∫⟨⊣↕↕ ⌋≀\∫⊔∇⊓⌋⊔ {∇≀⇕ S^# a similarity structure S that is loyal to K and satisαes ↼SL⇀↽▷ For all w ∈ [K] we deffne Sw to be Sw = S^# ∪ {{w}}↙ F≀∇ ⊒≀∇↕⌈∫ w not in [K] we leave the deffnition of Sw open▷ It is not hard to see that the similarity structure S so de�ned is indeed loyal to K▷ Let us now consider ↼SL⇀↽▷ Let φ be any sentence of L↙ I{ φ is inconsistent then ↼SL⇀↽ trivially holds▷ Assume therefore that ⊬ ¬φ▷ If [φ] ∩ [K] = �, then by the construction of S, fSw (φ) = fS# (φ) for all w ∈ [K] and consequently ⋃ w∈[K] fSw (φ) = fS^# (φ), from which it follows that in this case too, (SL*) is satisffed. Finally consider the case were [φ] ∩ [K] ≠ �. By the construction of S it

follows that ⋃ w∈[K] fSw (φ) = [φ] ∩ [K], which again is equal to [K ∗ φ] as desired. ( ⇐ ⇒ L⌉⊔ S be a similarity structure that is loyal to K▷ Let w be an arbitrary element of [K] (since K is consistent [K] ≠ �). Deffne S^# as follows: S # = {U ∈ Sw : [K] ⊆ U}↙ C↕⌉⊣∇↕† S^# is a system of spheres centered on [K] and therefore by Grove’e representation

result there is a revision function * such that K ∗ φ = ∩fS# (φ) for all consistent φ ∈ L↙ M≀∇⌉≀⊑⌉∇ ∫⟩\⌋⌉ S is loyal to K ↼and therefore satisαes ↼SL1↽ ↼SL2↽↽ it is not hard to see that from the construction of S^# it follows that f S# (φ) = ⋃ w∈[K] fSw (φ), for all consistent φ ∈ L↙ T⟨⌉∇⌉{≀∇⌉ ⊔⟨⌉ ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\ ⇑ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⊔≀ S^# by means of (S*), also corresponds to S by means of (SL*).

Belief Revision and Nonmonotonic Reasoning 97 P. Peppas et al.

Theorem 1 essentially provides us with an alternative constructive model for a revision function, basedona family of systemsof spheres centered on singletons, as opposed to a single system of spheres centered on a family of consistent complete theories. Combining Theorem 1 with the representation result of Katsuno and Mendelzon [4, Theorem 3.4] we derive Theorem 2 below: Theorem 2 Let K be a consistent theory of L↙ F≀∇ ⌉⊑⌉∇† ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\ ⇑ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣\ ⊓√⌈⊣⊔⌉ ≀√⌉∇⊣⊔≀∇ ⋄ ∫⊓⌋⟨ ⊔⟨⊣⊔ K ∗ φ = K⋄φ for all φ ∈ L↙

▽ I\⊔⌉∇√∇⌉⊔⟩\} ⊔⟨⌉ R⌉∫⊓↕⊔∫ A⊔ ⊘∇∫⊔ }↕⊣\⌋⌉ T⟨⌉≀∇⌉⇕ ∈ ∫⌉⌉⇕∫ ∇⊣⊔⟨⌉∇ ∫⊓∇√∇⟩∫⟩\}↙ I⊔ ⊣√√⌉⊣∇∫ ⊔≀ ∫⊓}↖ }⌉∫⊔ ⊔⟨⊣⊔ ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\∫ ⊣∇⌉ \≀⊔⟨⟩\} ⌊⊓⊔ ⊣ ∫√⌉⌋⟩⊣↕ ‖⟩\⌈ ≀{ ⊓√⌈⊣⊔⌉ ≀√⌉∇⊣⊔≀∇↙ A ⌋↕≀∫⌉∇ ↕≀≀‖ ⟨≀⊒⌉⊑⌉∇ ⊒⟩↕↕ ⌋≀\⊑⟩\⌋⌉ ⊓∫ ⊔⟨⊣⊔ ⊔⟨⟩∫ ⟩∫ \≀⊔ ⊔⟨⌉ ⌋⊣∫⌉↙ G⟩⊑⌉\ ⊣ ⊘§⌉⌈ ⌋≀\∫⟩∫⊔⌉\⊔ ⊔⟨⌉≀∇† K and a revision function ⇀ Theo rem 2 guarantees that we can αnd an update operator ⋄ ⊔⟨⊣⊔ ⌊⌉⟨⊣⊑⌉⌈ ⌉§⊣⌋⊔↕† ↕⟩‖⌉ ⇑ ⊣⊔ K i▷e▷ K ∗φ = K⋄φ for all φ ∈ L↙ W⟨⊣⊔ T⟨⌉≀∇⌉⇕ ∈ ⌈≀⌉∫ \≀⊔ }⊓⊣∇⊣\⊔⌉⌉ ⇐{≀∇ }≀≀⌈ ∇⌉⊣∫≀\∫ ⊔≀≀⇒ ⟩∫ ⊔⟨⊣⊔⇔ ⟩{ ⊒⌉ \≀⊒ ⊣↕↕≀⊒ K to vary the same update operator ⋄ ⊒⟩↕↕ ‖⌉⌉√ ≀\ ⊖∫⟩⇕⊓↕⊣⊔⟩\}⪰ ⇑↙ M≀∇⌉ √∇⌉⌋⟩∫⌉↕†⇔ ↕⌉⊔ K^′ ⌊⌉ ⊣ ⌋≀\∫⟩∫⊔⌉\⊔ ⊔⟨⌉≀∇† ⊒⟨⟩⌋⟨ ⌈⟩{{⌉∇∫ {∇≀⇕ K▷ By The orem 2 there exists an update operator ⋄^′ ∫⊓⌋⟨ ⊔⟨⊣⊔ K^′ ∗ φ = K^′⋄^′φ for all φ ∈ L↙ H≀⊒⌉⊑⌉∇ ⋄^′ ⇕⊣† \≀⊔ \⌉⌋⌉∫∫⊣∇⟩↕† ⌊⌉ ⊔⟨⌉ ∫⊣⇕⌉ ⊣∫ ⋄∅ ⊣∫ ⊒⌉ ⌋⟨⊣\}⌉ ⊔⟨⌉≀∇⟩⌉∫ ⊒⌉ ⇕⊣† ⟨⊣⊑⌉ ⊔≀ ⌋⟨⊣\}⌉ ⊓√⌈⊣⊔⌉ ≀√⌉∇⊣⊔≀∇∫ ⊣∫ ⊒⌉↕↕↙ T⟨⟩∫ ↕⌉⊣⌈∫ ⊓∫ ⊔≀ ⊣∫‖ ⊒⟨⌉⊔⟨⌉∇ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\ ⇑ ⊔⟨⊣⊔ ⌋⊣\ ⌊⌉ ∫⟩⇕⊓↕⊣⊔⌉⌈ ⌊† ⊣ ∫⟩\}↕⌉ ⊓√⌈⊣⊔⌉ ≀√⌉∇⊣⊔≀∇ ⋄ ⊥ I\ ≀⊔⟨⌉∇ ⊒≀∇⌈∫⇔ ⟩∫ ⊔⟨⌉∇⌉ ⊣ ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\ ⇑ {≀∇ ⊒⟨⟩⌋⟨ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣\ ⊓√⌈⊣⊔⌉ ≀∇⌉√⊣⊔≀∇ ⋄ ∫⊓⌋⟨ ⊔⟨⊣⊔⇔ {≀∇ ⌉⊑⌉∇† ⌋≀\∫⟩∫⊔⌉\⊔ ⊔⟨⌉≀∇† K and every sentence φ ∈ L⇔ K ∗ φ = K⋄φ ⋆ Let us call such a revision function universal▷ In view of Katsuno and Mendelzonφs representation theorem and the results presented herein it is not hard to see that the existence of a universal revision function presupposes ↼in fact is equivalent to↽ the existence of a similarity structure S that is loyal to every consistent theory K of L↙ L⌉⊔ ⊓∫ ⌋⊣↕↕ ∫⊓⌋⟨ ⊣ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉ ⊓\⟩⊑⌉∇∫⊣↕↕† ↕≀†⊣↕↙ D≀ ⊓\⟩⊑⌉∇∫⊣↕↕† ↕≀†⊣↕ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉∫ ⌉§⟩∫⊔⊥ T⟨⌉ ⊣\∫⊒⌉∇ ⟩∫ \≀⇔ ⊓\↕⌉∫∫ ⊔⟨⌉ ≀⌊|⌉⌋⊔ ↕⊣\}⊓⊣}⌉ L ⟩∫ ⊔∇⟩⊑⟩⊣↕↙ W⌉ ∫⊣† ⊔⟨⊣⊔ ⊣ ↕⊣\}⊓⊣}⌉ L ⇐}≀⊑⌉∇\⌉⌈ ⌊† ⊣ ↕≀}⟩⌋ ⊢⇒ ⟩∫ ⊔∇⟩⊑⟩⊣↕ ⟩{{ L ⟨⊣∫ ⊣⊔ ⇕≀∫⊔ ⊔⊒≀ ⌋≀\∫⟩∫⊔⌉\⊔ ⌋≀⇕√↕⌉⊔⌉ ⊔⟨⌉≀∇⟩⌉∫↙ L⌉⇕⇕⊣ ▽↙∞ L⌉⊔ S be a similarity structure de�ned over a language L↙ I{ S is universally loyal then L ⟩∫ ⊔∇⟩⊑⟩⊣↕↙ P∇≀≀{↙ A∫∫⊓⇕⌉ ≀\ ⊔⟨⌉ ⌋≀\⊔∇⊣∇† ⊔⟨⊣⊔ S is universally loyal and L ⟨⊣∫ ⊣⊔ ↕⌉⊣∫⊔ ⊔⟨∇⌉⌉ ⌋≀\∫⟩∫⊔⌉\⊔ ⌋≀⇕√↕⌉⊔⌉ ⊔⟨⌉≀∇⟩⌉∫ w1, w 2, and w 3 that are mutually distinct. Let K be the theory K = w 1 ∩ w2 and K ′ ⊔⟨⌉ ⊔⟨⌉≀∇† K ′ = w2 ∩ w3. Clearly [K] = {w 1, w2} ⊣\⌈ [K′] = {w2, w3}↙ S⟩\⌋⌉ w2 ∈ [K], by (SL1) we derive that {w1, w2} ∈ Sw_2 . On the other hand, since w 2 is also a member of [K^′], by (SL1) again we derive that {w2, w3} ∈ Sw_2 . However {w 1, w2} ⊣\⌈ {w2, w3} ⊣∇⌉ ⟩\⌋≀⇕√⊣∇⊣⌊↕⌉ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ ∫⌉⊔ ⟩\⌋↕⊓∫⟩≀\⇔ ⊒⟨⟩⌋⟨ ≀{ ⌋≀⊓∇∫⌉ ⌋≀\⊔∇⊣⌈⟩⌋⊔∫ ⇐S∞⇒↙ F∇≀⇕ L⌉⇕⇕⊣ ▽↙∞ ⊒⌉ ⌋⊣\ \≀⊒ ⌈⌉∇⟩⊑⌉ T⟨⌉≀∇⌉⇕ ∋ ⌊⌉↕≀⊒¬ T⟨⌉≀∇⌉⇕ ∋ E⊑⌉∇†⊓\⟩⊑⌉∇∫⊣↕ ∇⌉⊑⟩∫⟩≀\{⊓\⌋⊔⟩≀\ ⟩∫ ⌈⌉⊘\⌉⌈≀⊑⌉∇ ⊣ ⊔∇⟩⊑⟩⊣↕ ↕⊣\}⊓⊣}⌉↙ I\ ⊑⟩⌉⊒ ≀{ ⊣↕↕ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ √∇⌉∫⌉\⊔⌉⌈ ⟨⌉∇⌉⟩\⇔ ↕⌉⊔ ⊓∫ ⊔⊣‖⌉ ⊣ ⊘\⊣↕ ↕≀≀‖ ⊣⊔ ⊔⟨⌉ ⌈⟩{{⌉∇⌉\⌋⌉ ⌊⌉⊔⊒⌉⌉\ ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\∫ ⊣\⌈ ⊓√⌈⊣⊔⌉ ≀√⌉∇⊣⊔≀∇∫↙ F≀∇

⊣ ⊘§⌉⌈ ⌋≀\∫⟩∫⊔⌉\⊔ ⊔⟨⌉≀∇† K we have seen that both a revision func tion ⇀ and an update operator ⋄ ⌋⊣\ ⌊⌉ ⌋≀\∫⊔∇⊓⌋⊔⌉⌈ {∇≀⇕ ⊣ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉ S in exactly the same way. However, this resemblanceends the moment we allow K to vary ↼unless the object language is triv ial↽▷ This is because contrary to ⋄⇔ ⊔⟨⌉ ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\ ⇑ ∇⌉∐⊓⟩∇⌉∫ ⊔⟨⌉ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ ⟩⊔⇔ ⊔≀ ⌊⌉ ↕≀†⊣↕ ⊔≀ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⌊⌉↕⟩⌉{ ∫⊔⊣⊔⌉⇔ ⊣\⌈ }⟩⊑⌉\ ⊔⟨⊣⊔ ⊣ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉ ⌋⊣\\≀⊔ ⌊⌉ ↕≀†⊣↕ ⊔≀ ⌉⊑⌉∇† ⊔⟨⌉≀∇† ⇐≀\ √⊣⟩\ ≀{ ⊔∇⟩⊑⟩⊣↕⟩⊔†⇒⇔ ⟩⊔ {≀↕↕≀⊒∫ ⊔⟨⊣⊔⇔ ⊣∫ ⊔⟨⌉ ⌊⌉↕⟩⌉{ ∫⊔⊣⊔⌉ ⌋⟨⊣\}⌉∫⇔ ⊔⟨⌉ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ ⇑ ⌋⟨⊣\}⌉∫ ⊒⟩⊔⟨ ⟩⊔↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ⊔⟨⌉ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⊒⟩⊔⟨ ⋄ ⟩∫ ⊘§⌉⌈ {≀∇ ⊣↕↕ ⌊⌉↕⟩⌉{ ∫⌉⊔∫ K unresponsive to changes of belief▷ This is a crucial point and we consider it to be one of the most fundamental ↼technical↽ differences between a revision function ⇀ and an update operator ⋄↙ I\ ∫⟨≀∇⊔⇔ ⊒⌉ ⌊⌉↕⟩⌉⊑⌉ ⊔⟨⊣⊔ ⟩⊔ ⟩∫ ⊔⟨⟩∫ ⌋≀\⌋⌉√⊔ ≀{ ⊘§⌉⌈ ⊑⌉∇∫⊓∫ ⊑⊣∇⟩⊣⌊↕⌉ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉∫ ⊔⟨⊣⊔ }⟩⊑⌉∫ ⊣ ∫⌉⇕⊣\⊔⟩⌋ ⌊⊣∫⟩∫ ⊓√≀\ ⊒⟨⟩⌋⟨ ⊔≀ ⌈⟩{{⌉∇⌉\⊔⟩⊣⊔⌉ ⌊⌉⊔⊒⌉⌉\ ⊓√⌈⊣⊔⌉ ≀√⌉∇⊣⊔≀∇∫ ⊣\⌈ ∇⌉⊑⟩∫⟩≀\ {⊓\⌋⊔⟩≀\∫↙ T⟨⟩∫ ⊔⌉⌋⟨\⟩⌋⊣↕ ⌈⟩∫⊔⟩\⌋⊔⟩≀\ ⟨⊣∫ ⊣↕∫≀ ⊣\ ⟩\⊔⌉∇⌉∫⊔⟩\} ⟩\⊔⊓⟩⊔⟩⊑⌉ ⟩\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⟩\⊔⊓⟩⊔⟩⊑⌉↕†⇔ ⊣ ∫⟩⇕⟩↕⊣∇⟩⊔† ∫⊔∇⊓⌋⊔⊓∇⌉ S represents the com- parative similarity of possible worlds. Since, in the context of belief update, S remains �xed, the notion of similarity adopted appears to be one that relates to an intrinsic, eternal property of the universe, independent of any cognitive attribute; it is what we may call ontological similarity. On the other hand, the fact that in the context of belief revision, S changes with the current belief state, appears to suggest that similarity in this context should be interpreted as the agent’s perception of (ontological) similarity � what we may call epistemic similarity. This reading �ts quite nicely with the original distinction made by Katsuno and Mendelson: belief update is a process triggered by changes in a dynamic world and therefore heavily dependent on the physics of the world (which explains to a certain extent the ontological interpretation of similarity), while belief revision is almost relativistic, independent of the factual connections to an external reality (which accounts for the epistemic reading of similarity).

6 Discussion Cognoscenti might suspect that the results of the previous section (Theorem 3 in particular) are related to G�ardenfors [2] triviality (or impossibility) result. Brie�y, this result shows that, if we were to extend our language to include Ramsey test conditionals of the form x > y ↼i▷e▷ x > y if and only if y ∈ K^∗x), then there do not exist any revision functions de�ned over a non-trivial language. G�ardenfors points the �nger at the so-called Preservation property (essentially (K^∗△⇒⇒ ⊣\⌈ ⊔⟨⌉ {≀↕↕≀⊒⟩\} M≀\≀⊔≀\⟩⌋⟩⊔† √∇≀√⌉∇⊔†↙ ⇐K∗M⇒ I{ K ⊆ H then K^∗’ = H^∗’. He suggests that it is not possible for these two properties to coexist (in the presence of other, considerably weak, conditions). Now, it is quite easy to show that loyalty (of a similarity structure) implies Preservation. Similarly, it is easy to show that use of a similarity structure of �xed (or universal) similarity structure implies Monotonicity. Therefore, any attempt to combine these two semantic properties, as we showed in Lemma 5.1, is doomed to failure. This suggests that a semantic reason for G�ardenfors triviality result may now be at hand. Triviality arises exactly becauseof the attempt to con- �ate loyal similarity structures with those of �xed similarity. These structural or semantic properties are not compatible however � considered individually they give rise to interesting (and important) belief change strategies but together they cancel each other out. In order to

Belief Revision and Nonmonotonic Reasoning 98 P. Peppas et al.

show that this structural clash is the semantic culprit of G�ardenfors triviality result we would need to demonstrate that Preservation gives rise to loyal similarity structures and Monotonicity implies structures of �xed similarity (in the presence of some basic postulates on belief change of course). We are currently pursuing this direction of research by considering a basic set of rationality postulates common to both revision and update operators and examining what occurs (semantically) when additional properties, like Preservation and Monotonicity for instance, are taken into consideration. Interestingly enough, such a result would have repercussions for reasoning with conditionals x > y which was Lewisφ original motivation for the systems of spheres modelling▷ 7 Conclusion In this article we have examined the differences between two fun damental types of belief change operator � revision functions and update functions � from a mainly technical point of view▷ We proved that for a αxed consistent theory K revising K is much the same as updating K using an argument based on the systems of spheres constructive modelling▷ This is true regardless of whether K is com plete or not▷ From this we concluded that the difference between revision and update is not so much on how to change a αxed theory K but rather in the way that changes at different theories relate to one another▷ This in turn we argued is due to an even more funda mental difference between the two types of theory change namely in the ontological versus the epistemic reading of similarity that update operators and revision function adopt respectively▷

Acknowledgements The authors would like to thank David Makinson Hans Rott and MaryAnne Williams for interesting discussions concerning the con tents of this paper▷ REFERENCES ♭1♯ Carlos E▷ Alchourron Peter Gardenfors and David Makinson ℓOn the logic of theory change. Partial meet contraction and revision functionsφ The Journal of Symbolic Logic 50↼2↽ 510δ530 ↼1985↽▷ ♭2♯ Peter Gardenfors Knowledge in Flux δ Modeling the Dynamics of Epis temic States MIT Press Cambridge England 1988▷ ♭3♯ Adam Grove ℓTwo modelings for theory changeφ Journal of Philosoph ical Logic 17 157δ170 ↼1988↽▷ ♭4♯ Hirofumi Katsuno and Alberto O▷ Mendelzon ℓOn the difference between updating a knowledge base and revising itφ in Belief Revision ed▷ Peter Gardenfors 183δ203 Cambridge University Press ↼1992↽▷ ♭5♯ Arthur Keller and Marianne Winslett ℓOn the use of an extended rela tional model to handle changing incomplete informationφ IEEE Trans actions on Software Engineering SE11↼7↽ 620δ633 ↼1985↽▷ ♭6♯ David Lewis Counterfactuals Harvard University Press Cambridge Massachusetts 1973▷ ♭7♯ Pavlos Peppas Belief Change and Reasoning about Action � An Ax iomatic Approach to Modelling Dynamic Worlds and the Connection to the Logic of Theory Change PhD Thesis University of Sydney 1993▷

Belief Revision and Nonmonotonic Reasoning 99 P▷ Peppas et al▷